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Abstract
We consider the large N spectrum of the quantum mechanical hamiltonian of
two hermitean matrices coupled via a Yang-Mills interaction. In a framework
where one of the matrices is treated exactly and the other is treated as a
creation operator impurity, the difference equation associated with the Yang-
Mills interaction is derived and solved exactly for two impurities. In this
case, the full string tension corrected spectrum depends on two momenta.
For a specific value of one of these momenta, the spectrum has the same
structure as that of giant magnon bound states. States with general number
of impurities are also discussed.
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1 Introduction
In this communication, we study the large N spectrum of the quantum me-
chanical hamiltonian
Hˆ ≡ 1
2
Tr(P 21 )+
w2
2
Tr(X21 )+
1
2
Tr(P 22 )+
w2
2
Tr(X22 )−g2YMTr([X1, X2][X1, X2]),
(1)
where X1 and X2 are two N × N hermitean matrices, and P1 and P2 their
conjugate momenta, respectively.
It is useful to think of (1) as associated with two of the six Higgs scalars
of the bosonic sector of N = 4 SYM, in the leading Kaluza Klein compacti-
fication on S3 ×R. The harmonic potential results from the coupling to the
curvature of the manifold. Although we will only deal with bosonic degrees
of freedom in this communication, the embedding of (1) in a supersymmetric
setting is important as it allows one to neglect oscillator normal ordering
contributions and to consider fluctuations about an unperturbed single ma-
trix background. In an angular momentum eigenstate basis (associated with
SO(2) ∼ U(1) rotations in the X1−X2 plane), this single matrix background
[1], [2] has been shown to correspond [3], [4], [5] to a phase space description
of the “liquid” drop model [6] of 1/2 BPS states.
We will follow the approach first suggested in [3] of treating one of the
matrices, X1, exactly (in the large N limit), and the other, X2, referred to
as an “impurity” [7], in a creation/annihilation basis. Letting
X2 ≡ 1√
2w
(A2 + A
†
2) P2 = −i
√
w
2
(A2 − A†2) (2)
the hamiltonian (1) becomes, up to normal ordering terms,
Hˆ =
1
2
Tr(P 21 ) +
w2
2
Tr(X21 ) + wTr(A
†
2A2) (3)
− g
2
YM
2w
Tr(2[X1, A
†
2][X1, A2] + [X1, A2]
2 + [X1, A
†
2]
2).
States can then be classified in terms of the number of A2 impurities.
The coupling of two matrices via a Yang-Mills interaction within the
approach developed in [3] was extensively discussed in [4], where a “square
2
root” type hamiltonian was derived. Although two matrix systems expressed
both in an angular momentum eigenstate basis and real-imaginary basis were
discussed, only the first order (in g2YMN) correction to the energies was an-
alyzed. In this communication, we will not complexify the Higgs, and will
treat them as two hermitean (“real”) matrices, but we will carry out a full
study of the spectrum.
This paper is organized as follows: in Section 2, a description of the
method used to obtain the relevant large N background and fluctuations
is provided. To ensure its validity, a Bogoliubov transformation, as first
suggested in [4], is introduced resulting in a square root type hamiltonian. In
Section 3, the spectrum of fluctuations of invariant states and corresponding
eigenstates about the free harmonic background system [4] is reviewed. In
Section 4, the effect of the Yang-Mills interaction on two impurity states
is studied, and an exact spectrum is obtained. First, the mixing of states
resulting from the action of the term linear in g2YMN is described in terms of a
two index difference equation. This difference equation is then diagonalized
and summed. For a specific value of one of the conjugate momenta, this
spectrum agrees with the bound state spectrum of two magnons [8]. In
Section 5, states with an arbitrary number of impurities are considered and
their first order (in g2YMN) spectrum obtained. Conclusions and a brief
discussion are included.
2 Method and square root hamiltonian
We are interested in the background and spectrum of gauge invariant states.
One way to implement this invariance in the large N limit, is to restrict the
hamiltonian to act on wave functionals of invariant single trace operators
(“loops”).
A complete set (in the large N limit) of gauge invariant operators is given
by 1 :
1In this article, we will often switch from creation-annihilation operators to their co-
herent state representation A†
2
→ A2, A2 → ∂/∂A2.
3
ψ(k; 0) = Tr(eikX1)
ψ(k; 1) = Tr(eikX1A2)
ψ(k1, k2; 2) = Tr(e
ik1X1A2e
ik2X1A2) (4)
...
ψ(k1, k2, ..., ks; s) = Tr
( s∏
i=1
(eikiX1A2)
)
, s〉0.
Equivalently,
ψ(x; 0) =
∫
dk
2π
e−ikxψ(k; 0) = Tr(δ(x−X1))
ψ(x; 1) =
∫
dk
2π
e−ikxψ(k; 1) = Tr(δ(x−X1)A2) (5)
ψ(x1, x1; 2) =
∫ ∫
dk1
2π
dk2
2π
e−ik1x1e−ik2x2ψ(k1, k2; 2)
= Tr(δ(x1 −X1)A2δ(x2 −X1)A2)
...
ψ(x1, x2, ..., xs; s) =
∫
...
∫
dk1
2π
...
dks
2π
e−ik1x1...e−iksxsψ(k1, k2, ..., ks; s)
= Tr
( s∏
i=1
(δ(xi −X1)A2)
)
, s〉0.
We will refer to these as “s impurity states” and, to simplify notation, we
will often denote them by ψ(A; s), with A an appropriate generic index.
The restriction of the action of the hamiltonian (3) on functionals of the
invariant operators is implemented by performing a change of variables [9]
from the original matrix variables to the invariant variables. Because of
the reduction in the number of degrees of freeedom, the Jacobian of this
transformation has to be taken into account [9].
If one can ensure that loops with non-vanishing number of impurities have
vanishing expectation values, i.e.,
〈ψ(k1, k2, ..., ks; s)〉 = 〈eik1X1A2eik1X1A2...eiksX1A2〉 = 0 s 6= 0, (6)
4
this Jacobian only depends on the zero impurity variables [3]. Therefore, only
the usual large N single matrix background of the matrix X1 is generated.
In order to ensure that (6) is verified, we perform a Bogoliubov transfor-
mation
A2ij = cosh(φij)Bij − sinh(φij)B†ij
with
tanh(2φij) =
g2
YM
w
(λi − λj)2
w +
g2
YM
w
(λi − λj)2
where the λi’s are the eigenvalues of the matrix X1. Then (3) takes the form
Hˆ =
1
2
Tr(P 21 ) +
w2
2
Tr(X21 ) +
N∑
i,j=1
√
w2 + 2g2YM(λi − λj)2 B¯†ijB¯ji, (7)
where B¯ = V †BV , with V the unitary matrix that diagonalizes X1. Normal
ordering contributions are again not included.
2.1 Background and fluctuations about the gYM = 0
theory
The X1 background and zero impurity spectrum of fluctuations are associ-
ated with the large N hamiltonian dynamics of a single hermitean matrix.
This is completely described by the standard cubic collective field hamilto-
nian (in addition to the original derivation [9] and its aplication to c = 1
strings [10],[11], reference [12] also has a general self-contained review of the
method).
Including only the terms required for a study of the background and
fluctuations, this hamiltonian takes the form:
−1
2
∫
dx∂x
∂
∂ψ(x, 0)
ψ(x, 0)∂x
∂
∂ψ(x, 0)
+
∫
dx
(π2
6
ψ3(x, 0)+ψ(x, 0)(
w2x2
2
−µ)
)
(8)
where the Lagrange multiplier µ enforces the contraint
5
∫
dxψ(x, 0) = N. (9)
To exhibit explicitly the N dependence, we rescale
x→
√
Nx ψ(x, 0)→
√
Nψ(x, 0)
−i ∂
∂ψ(x, 0)
≡ Π(x)→ 1
N
Π(x) µ→ Nµ (10)
and obtain
H0eff =
1
2N2
∫
dx∂xΠ(x)ψ(x, 0)∂xΠ(x) (11)
+ N2
(∫
dx
π2
6
ψ3(x, 0) + ψ(x, 0)(
w2x2
2
− µ)
)
,
giving the well known Wigner distribution background in the limit as N →
∞:
πψ(x, 0) ≡ πφ0 =
√
2µ− w2x2 =
√
2w − w2x2. (12)
For the zero impurity small fluctuation spectrum, one shifts
ψ(x, 0) = φ0 +
1√
πN
∂xη; ∂xΠ(x) = −
√
πNP (x)
to find the quadratic operator
H02 =
1
2
∫
dx(πφ0)P
2(x) +
1
2
∫
dx(πφ0)(∂xη)
2
By changing to the classical “time of flight” φ 2:
dx
dφ
= πφ0; x(φ) = −
√
2
w
cos(wφ); πφ0 =
√
2w sin(wφ), 0 ≤ φ ≤ π
w
,
(13)
2In an angular momentum eigenstate basis, φ has a clear gravity interpretaton [3], as
the angular variable in the plane of the droplet [6]
6
one obtains the hamiltonian of a free 1 + 1 massless boson [10]:
H02 =
1
2
∫
dφP 2(φ) +
1
2
∫
dφ(∂φη)
2 (14)
Imposing Dirichelet boundary conditions at the classical turning points
yields the spectrum in the zero impurity sector
ǫj = wj ; φj = sin(jwφ), j = 1, 2, ... (15)
In [3] it was shown that the form of the quadratic operator determining the
many-impurity spectrum is
Hs2 = −
1
2
∑
A
ω¯(A, s)
∂
∂ψ(A, s)
+
1
2
∫
dx
∑
A
Ω(x, 0 : A, s)
∂ lnJ
∂ψ(x, 0)
∂
∂ψ(A, s)
(16)
where, to leading order in N
∂x
∂ ln J
∂ψ(x, 0)
= ∂x
∫
dyΩ−1(x, 0; y, 0)ω(y, 0) = 2
∫
dy
φ0(y)
(x− y) (17)
In (16) and (17), ω(A, s) and Ω(x, 0 : A, s) have their usual meanings [9]:
ω(A, s) = Tr
(
∂2ψ(A, s)
∂M2
)
(18)
Ω(x, 0 : A, s) = Tr
(
∂ψ(0, x)
∂M
∂ψ(A, s)
∂M
)
. (19)
ω(A, s) splits the loop ψ(A, s) and Ω(A, s : A′, s′) joins the two loops ψ(A, s)
and ψ(A′, s′). ω¯(A, s) indicates that only splittings into zero impurity loops
need be considered.
A detailed analysis of the eigenvalues and eigenfunctions of (16) for the
set of multi-impurity states (5) in the harmonic background has been carried
out in [4]. The result is that the eigenstates and eigenvalues with s impurities
are
ǫji = w
( s∑
i=1
ji
)
; 〈ψ|j1, j2, ..., js〉 = Tr(uj1(X1)Buj2(X1)B...ujs(X1)B)
; ji = 0, 1, 2, ..., (20)
7
where the polynomials uj(x) are rescaled Chebyshev polynomials of the sec-
ond kind Uj(x):
uj(x) ≡ sin((j + 1)wφ(x))√
2w sin(wφ(x))
=
sin((j + 1)wφ(x))
πφ0(x)
=
1√
2w
Uj
(
−
√
w
2
x
)
.
(21)
These states are in one to one correspondence with the spectrum of the states
Tr(A†1
j1
B†A†1
j2
B†...B†), with (
√
2wX1 ≡ (A1 + A†1)), obtained by acting on
the original Fock space of the theory.
3 gYM interactions - two impurity spectrum
We now return to the hamiltonian (7), after rescaling according to (10). We
wish to study the interaction part of this hamiltonian:
HˆYM ≡ Hˆ −
(
1
2N
Tr(P 21 ) +
w2N
2
Tr(X21 )
)
=
N∑
i,j=1
√
w2 + 2g2YMN(λi − λj)2 B¯†ijB¯ji (22)
=
∞∑
n=0
Anw
(
2g2YMN
w2
)n
Oˆn
with An =
(
1/2
n
)
and
Oˆn ≡ (−1)nTr([X1, [X1, ...[X1, B†]...︸ ︷︷ ︸]][X1, [X1, ...[X1, B]...︸ ︷︷ ︸]]).
n nested commutators
We will first consider the action of the first non trivial term in the expan-
sion on a two impurity state:
Oˆ1Tr(uj1(X1)B
†uj2(X1)B
†) = −Tr([X1, B†][X1, B])Tr(uj1(X1)B†uj2(X1)B†)
≡ Oˆ1|j1, j2〉 (23)
8
We obtain [4]:
Oˆ1Tr(uj1(X1)B
†uj2(X1)B
†) = −4Tr(X1uj1(X1)B†X1uj2(X1)B†)
+ 2Tr(X21uj1(X1)B
†uj2(X1)B
†) (24)
+ 2Tr(uj1(X1)B
†X21uj2(X1)B
†)
The right hand side can be calculated using the identity
Uj+1(x)− 2xUj(x) + Uj−1(x) = 0.
In [4] only terms contributing to first order perturbation theory (i.e., pre-
serving j1 + j2) were considered. The full result is:
wOˆ1|j1, j2〉 = 4|j1, j2〉 − 2|j1 + 1, j2 − 1〉 − 2|j1 − 1, j2 + 1〉
− 2|j1 + 1, j2 + 1〉+ |j1 + 2, j2〉+ |j1, j2 + 2〉 (25)
− 2|j1 − 1, j2 − 1〉+ |j1 − 2, j2〉+ |j1, j2 − 2〉
In terms of j = j1, J = j1 + j2 (these can be thought of as the “positions” of
the two impurities3), these recurrence relations take the form:
wOˆ1|j, J〉 = 4|j, J〉 − 2|j + 1, J〉 − 2|j − 1, J〉
− 2|j + 1, J + 2〉+ |j + 2, J + 2〉+ |j, J + 2〉 (26)
− 2|j − 1, J − 2〉+ |j − 2, J − 2〉+ |j, J − 2〉
We remark that these difference equations generalize those so far considered
in the literature ([13] and references therein). In addition to the standard J
conserving terms, we observe the presence of J non-conserving terms. This is
not surprising, given that our matrices do not carry U(1) charges. Diagrams
responsible for transitions J → J ± 2 can be easily identified [14].
In this communication, we study the eigenvalues of the difference operator
(25), i.e., we consider generic j1 and j2 values. Letting
|j1, j2〉 ∼ λj11 λj22
3In our notation, the last impurity is always placed at the end of the “string”, so J is
also the length of the string
9
We obtain
wOˆ1λ
j1
1 λ
j2
2 =
(
4− 2λ1
λ2
− 2λ2
λ1
− 2λ1λ2 + λ21 + λ22 − 2
1
λ1λ2
+
1
λ21
+
1
λ22
)
λj11 λ
j2
2
Hermiticity is satisfied if a plane wave basis is considered:
λ1 = e
ik1 λ2 = e
ik2.
The energies E1(k1,k2) of the operator
Hˆ1 ≡ g
2
YMN
w
Oˆ1 (27)
are then
E1(k1,k2) =
16g2YMN
w2
sin2
(
k1 − k2
2
)
sin2
(
k1 + k2
2
)
In terms of momenta p1 and p2 conjugate to the positions of the impurities
(p1 = k1 − k2, p2 = k2),
E1(p1,p2) =
16g2YMN
w2
sin2
(p1
2
)
sin2
(
p2 +
p1
2
)
(28)
It turns out that it is possible for two impurity states to calculate the full
contribution of the square root in (22). This is a result of the property:
Oˆn|j1, j2〉 = 1
2n−1
Oˆn1 |j1, j2〉. (29)
This property can be proved by induction [14]. As a result, we obtain for
the exact energy of the two impurity state
E(p1,p2) = 2
√
w2 +
16g2YMN
w
sin2
(p1
2
)
sin2
(
p2 +
p1
2
)
The spectrum of a system is one of its most important characteristics, so it
may be possible that it remains unchanged even when using states of definite
angular momentum. An indication that this may be true is to consider the
first order (in λ = g2YMN) result (28) when p2 =
pi
2
. One obtains (w = 1)
2 +
16g2YMN
w2
sin2
(p1
2
)
cos2
(p1
2
)
10
This result has the same structure as that of the perturbative spectrum
of the two giant magnon bound state obtained in [8].
4 More impurities and conclusion
The action of the operator Oˆ1 on a state with s impurities yields the following
difference equations:
wOˆ1|j1, j2, ..., js〉 = 2|j1, j2, .., js〉
− |j1 + 1, j2 − 1, .., js〉 − |j1 − 1, j2 + 1, , .., js〉
− |j1 + 1, j2 + 1, , .., js〉+ |j1 + 2, j2, , .., js〉 (30)
− |j1 − 1, j2 − 1, , .., js〉+ |j1 − 2, j2, .., js〉
+ cyclic permutations
This difference operator is again diagonalized by plane wave states
|j1, j2, ..., js〉 ∼ eik1j1eik2j2...eiksjs,
with the result that the eigen-energies of the difference operator H1 in
(27) are:
E1(k1,k2,...,ks) =
4g2YMN
w2
s∑
i=1
(
cos2(ki)− cos2(ki) cos2(ki+1)
)
ks+1 ≡ k1
However, for more than 2 impurities, property (29) or equivalent no longer
holds4.
In summary, by expanding about an asymmetric large N background
where only one of two hermitiean matrices acquires a large N expectation
value, and perturbing about this configuration with creation/annhilition im-
purities of the other matrix in the presence of a Yang-Mills interaction, the
full string tension corrected spectrum of two impurity states and the leading
(in g2YMN) spectrum of multi-impurity states has been obtained. For two
impurities, and for special values of momenta, the perturbative spectrum of
the two giant magnon bound state obtained in [8] is recovered5.
4When acting on three impurity states, it turns that one still has Oˆ21 = 2Oˆ2.
5A matrix derivation of this result has also been obtained [15] in the context of an
approach based on mutually commuting matrices [16]. See also [17].
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